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In this work we present the combined one-range addition theorems for arbitrary
Coulomb and Yukawa like central and noncentral interaction potentials and their first
and second derivatives occurring in the Hartree–Fock–Roothaan approximation and
explicitly correlated methods, and also in the study of electric field and its gradient
induced by electrons at the nuclei of a molecule. The relationships obtained for addi-
tion theorems are valid for the arbitrary parameters of potentials.
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1. Introduction

It is well known that the series of electronic structure and electron–nuclei
interaction properties of a molecule are very sensitive to the minor errors in the
wave functions and their derivatives with respect to coordinates of the nuclei [1–3].
These computational problems, which have to be overcome, depend strongly
on the basis functions being used. Therefore, the Slater-type orbitals (STOs),
which are able to describe correctly the asymptotic behavior of exact solutions of
atomic and molecular Schrödinger equation both in the vicinity of the nuclei [4]
or at large distances away from the nuclei [5], nowadays play a negligible role in
ab initio calculations. It should be noted that, if one tries to study, in particular,
the electron–nuclei interactions in molecules with the help of Gaussian type orbi-
tals, the slow convergence of which may lead to serious computational problems.
The inherent limitations of Gaussian basis functions necessitate to use the addi-
tion theorems for interaction potentials and orbitals for the calculation of matrix
elements in the MO LCAO theory with STOs. In our previous papers [6, 7], the
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one-range addition theorems were established for Coulomb and Yukawa interac-
tion potentials and their derivatives.

The aim of this report is to obtain the combined one-range addition theo-
rems for the Coulomb- and Yukawa-like central and noncentral interaction (CI
and NCI) potentials and their derivatives. These addition theorems are especially
useful for the calculation of multicenter electronic attraction, electric field and
electric field gradient integrals occurring in the study of interaction between elec-
trons and nuclei of a molecule when Hartree–Fock–Roothaan and explicitly cor-
related approaches are employed.

2. Addition theorems for potentials

The Coulomb–Yukawa-like CI and NCI potentials used in this work are
defined as

fµνσ (ζ, �r) = fµ(ζ, r)

(
4π

2ν + 1

)1/2

Sνσ (θ, ϕ), (1)

where µ � 0, ζ � o and Sνσ (θ, ϕ) are the complex (for Sνσ ≡ Yνσ ) or real spher-
ical harmonics. Here, fµ(ζ, r) are the Coulomb (ζ = 0) or Yukawa (ζ �= 0) like
CI potentials determined by

fµ(ζ, r) = fµ00(ζ, r) = rµ−1e−ζ r . (2)

In order to derive the addition theorems for potentials (1) we shall use the fol-
lowing formulae for the translation of STOs [8]:

χµνσ (ζ, �ra1) = lim
N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

V αN
µνσ,nlm(ζ, η; �Rab)χnlm(η, �rb1), (3)

where η > 0 and

χµνσ (ζ, �r) = (2ζ )µ+1/2[(2µ)!]−1/2rµ−1e−ζ rSνσ (θ, ϕ) (4)

V αN
µνσ,nlm(ζ, η; �Rab) =

N∑
n′=l+1


αl
nn′(N)Sµνσ,n′−αlm(ζ, η; �Rab). (5)

Here α = 1, 0, −1, −2, . . . and Sµνσ,n′−αlm(ζ, η; �Rab) are the overlap integrals with
the different screening constants:

Sµνσ,n′−αlm(ζ, η; �Rab) =
∫

χ∗
µνσ (ζ, �ra1)χn′−αlm(η, �rb1)dV. (6)

See ref. [8] for the exact definition of coefficients 
αl
nn′(N).
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Now we take in equation (5) into account equation (21) of ref. [8] for the
one-center expansion of χµνσ (ζ, �ra1) and equation (61) of ref. [9] for the overlap
integrals with the same screening constants. Then, the coefficients V αN , equation
(5), become

V αN
µνσ,nlm(ζ, η; �Rab) =

N∑
n′=l+1


αl
nn′(N) lim

N ′→∞

N ′∑
µ′=ν+1

V αN ′
µν,µ′ν(t)Sµ′νσ,n′−αlm(η, η; �Rab),(7)

where t = ζ − η

ζ + η
and

V αN ′
µν,µ′ν(t) =

N ′∑
µ′′=ν+1

(µ + µ′′ − α)!
{(2µ)![2(µ′′ − α)]!}1/2


αν
µ′µ′′(N

′)(1 + t)µ+1/2(1 − t)µ
′′−α+1/2 (8)

Sµ′νσ,n′−αlm(η, η; �Rab) = 1
η3/2

µ′+n′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

gα uυs
µ′νσ,n′−αlmχ∗

uυs(η, �Rab). (9)

See ref. [6] for the exact definition of the coefficients gαuυs .
Using equation (7) and (9) in (3) it is easy to establish for STO, the follow-

ing addition theorems:

χµνσ (ζ, �ra1) = 1
η3/2

lim
N→∞
N ′→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

×
[

N+N ′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

Dαuυs
µνσ,nlm(N, N ′; t)χ∗

uυs(η, �Rab)

]
χnlm(η, �rb1),

(10)

where

Dαuυs
µνσ,nlm(N, N ′; t) =

N∑
n′=l+1


αl
nn′(N)

N ′∑
µ′=ν+1

gαuυs
µ′νσ,n′−αlm

N ′∑
µ′′=ν+1

(µ + µ′′ − α)!
{(2µ)![2(µ′′ − α)]!}1/2

×
αν
µ′µ′′(N

′)(1 + t)µ+1/2(1 − t)µ
′′−α+1/2. (11)

Here, t = ζ − η

ζ + η
and gαuυs

µ′νσ,n′−αlm ≡ 0 for u > µ′ + n′ − α + 1.

Now we can move on to the derivation of addition theorems for potentials.
For this purpose we take into account the relations 1 + t = 2ζ/(ζ + η), 1 − t =
2η/(ζ + η) and utilize the equations (1), (4), (10) and (11). Then, it is easy to
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obtain the desired one-range addition theorems for the combined Coulomb–Yuk-
awa-like CI and NCI potentials in the following form:

fµνσ (ζ, �ra1) = 23/2

(2η)µ+2
lim
N→∞
N ′→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

×
[

N+N ′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

Aα uυs
µνσ,nlm(N, N ′; ζ, η)χ∗

uυs(η, �Rab)

]
χnlm(η, �rb1),

(12)

where ζ � 0 and

Aαuυs
µνσ,nlm(N, N ′; ζ, η) =

(
4π

2ν + 1

)1/2 N∑
n′=l+1


αl
nn′(N)

N ′∑
µ′=ν+1

gα uυs
µ′νσ,n′−αlm

×
N ′∑

µ′′=ν+1

(µ + µ′′ − α)!
{[2(µ′′ − α)]!}1/2

× 
αν
µ′µ′′(N

′)
(

2η

ζ + η

)µ+µ′′−α+1

.

(13)

Taking into account equation (12) for a → 2, b → a, �Rab → �r2a = �r21 − �ra1 and
the relation χuυs(η, �r2a) = (−1)υχuυs(η, �ra2) we rewrite the addition theorems for
potentials in the following form:

fµνσ (ζ, �r21) = 23/2

(2η)µ+2
lim
N→∞
N ′→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

×
[

N+N ′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

Bα uυs
µνσ,nlm(N, N ′; ζ, η)χ∗

uυs(η, �r2)

]
χnlm(η, �r1),

(14)

where α = 1, 0, −1, −2, . . . and

Bα uυs
µνσ,nlm(N, N ′; ζ, η) = (−1)υAα uυs

µνσ,nlm(N, N ′; ζ, η). (15)

equation (14) is the desired one-range addition theorems for Coulomb–Yukawa-
like CI (ν = σ = 0) and NCI (ν �= 0) potentials: any potential having the differ-
ence of the radius vectors, �r21 = �ra1 − �ra2, as its argument, can be expanded into
a series over products of STOs depending on �ra1 and �ra2, separately.

We notice that in the case of addition theorems for Coulomb-like CI and
NCI potentials (ζ = 0) the coefficients Aα uυs and Bα uυs determined by the rela-
tions (13) and (15) do not depend on the parameter η, i.e. Aα uυs

µνσ,nlm(N, N ′; 0, η) =
Aα uυs

µνσ,nlm(N, N ′) and Bα uυs
µνσ,nlm(N, N ′; 0, η) = Bα uυs

µνσ,nlm(N, N ′).
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3. Addition theorems for derivatives of potentials

As can be seen from equation (14) and ref. [10], the derivatives of poten-
tials with respect to Cartesian coordinates of second electron can be expressed
through the STOs by the following relations:

f i
µνσ (ζ, �r21) = ∂

∂xi
2

fµνσ (ζ, �r21) = 23/2

(2η)µ+2
lim
N→∞
N ′→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

×
[

N+N ′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

Bα uυs
µνσ,nlm(N, N ′; ζ, η)χi∗

uυs(η, �r2)

]
χnlm(η, �r1),

(16)

f
ij
µνσ (ζ, �r21) = ∂2

∂xi
2∂x

j

2

fµνσ (ζ, �r21) = 23/2

(2η)µ+2
lim
N→∞
N ′→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

×
[

N+N ′−α+1∑
u=1

u−1∑
υ=0

υ∑
s=−υ

Bα uυs
µνσ,nlm(N, N ′; ζ, η)χ

ij∗
uυs(η, �r2)

]
χnlm(η, �r1).

(17)

Here, i, j = 1, −1, 0, x1
2 = x2, x−1

2 = y2, x0
2 = z2 and

χi
uυs(η, �r) = ∂

∂xi
χuυs(η, �r) = 2η

{
β11

uυ

υ−1∑
s ′=−(υ−1)

ai
υs,s ′χu−1υ−1s ′(η, �r)

+xi

r

[
(u − υ − 1)β10

uυχu−1υs(η, �r) − 1
2
χuυs(η, �r)

]}
(18)

χij
uυs(η, �r) = ∂2

∂xi∂xj
χuυs(η, �r) = (2η)2

{
β22

uυ

υ−2∑
s′=−(υ−2)

a
ij

υs,s′χu−2υ−2s′(η, �r)

+
υ−1∑

s′=−(υ−1)

[
ai

υs,s′

(
xj

r

)
+ a

j

υs,s′

(
xi

r

) ][
(u − υ − 1)β21

uυχu−2υ−1s′(η, �r)

−1
2
β11

uυχu−1υ−1s′(η, �r)
]

+
(

xi

r

) (
xj

r

) [
(u − υ − 1)

×(u − υ − 3)β20
uυχu−2υs(η, �r) − 1

2
(2u − 2υ − 3)β10

uυχu−1υs(η, �r)

+1
4
χuυs(η, �r)

]
+ δij

[
(u − υ − 1)β20

uυχu−2υs(η, �r) − 1
2
β10

uυχu−1υs(η, �r)
]}

, (19)

where �r = �r2 and xi = xi
2. See refs. [10] and [11] for the exact definition of coeffi-

cients βkk′
uυ , ai

υs,s ′ and a
ij

υs,s ′ .
As can be seen from the formulae presented in this work, all the one-range

addition theorems for combined Coulomb–Yukawa-like CI and NCI potentials
and their derivatives are expressed through the STOs. In refs. [6] and [7], the
convergence and numerical stability of series occurring in this paper have been
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tested separately in the cases of Coulomb-and Yukawa-like potentials. The addi-
tion theorems obtained in this study would be a valuable addition to the eval-
uation of multicenter integrals that arise in molecular orbital calculations over
Slater functions.
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